19
Introduction to Transformer Architecture and Large Lan-
quage Models

Since 2020, language models (LMs) have become a prominent area of
Al research. This chapter introduces their foundational concepts.

The goal of a Large Language Model (LLM) is to model the prob-
ability distribution of human language, P(text). This is a generative
task over sequential, conditional distributions. A successful model
must predict the next piece of text given a preceding context, a task
known as autoregressive generation.

19.1  The Probabilistic Framework of Language

Human text is assumed to be sampled from a probability distribu-
tion. Given a sequence of tokens w1, w», ..., wr, the probability of the
sequence is given by the chain rule:

L
P(wy, ..., wr) = P(wy) [ [ P(wtw<y), (19.1)
t=2
where w.; denotes the context (wy, ..., w;_1). This factorization
implies that modeling language requires a way to compute the condi-
tional probability of the next token given its history. This is the core

task of an autoregressive language model." * This exposition focuses on autoregres-
sive models. Other architectures like

. . . . . . BERT are trained on different objectives,
putable approximations of this conditional probability to estimate such as filling in masked words, to

This idea dates to the 1950s, when Claude Shannon used com-

the entropy of printed English at around 1 bit per character, sug- compute semantic embeddings.
gesting that text is highly predictable. Simple n-gram models make a
Markov assumption, limiting the context to the previous n — 1 tokens:
P(wi|w<t) ~ P(wi|ws_py1,--.,wi_1). While effective for decades, n-
gram models cannot capture long-range dependencies.
Next-word prediction quality depends critically on context length.
Short contexts are often ambiguous; longer ones can resolve ambigu-
ity and sharpen the prediction.
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Example 19.1.1 (The Importance of Context). Language models need
long context, since distant context can dramatically alter the probability
distribution for the next word. Consider predicting the next word:

1. Short Context: "The witness took the stand and swore to tell the..”.
Here the most probable next word is truth.

2. Longer Context: "The defense attorney’s star witness was a known
compulsive liar. The witness took the stand and swore to tell the” The
added context reduces the probability of truth and might increase the
probability of completions like whole truth, or even ironic ones.

To process arbitrarily long histories, early neural approaches used
Recurrent Neural Networks (RNNs). An RNN maintains a hidden state
vector, iy = f(hy_1,wy), which acts as a compressed summary of the
sequence history.

19.1.1 The Autoregressive Objective: Next-Word Prediction

Modern LMs use a deep neural network to learn a parameterized
function, Py, that approximates the true conditional probability
P(w¢|w<;). The network is trained via Maximum Likelihood Estima-
tion (MLE). Given a training corpus D, the goal is to find parameters
f that maximize the probability of the data. The log-likelihood is:

Lyvre(0) = log Py(D) = Z Zlog Py(wi|w<t) (19.2)
sequence €D
Maximizing this is equivalent to minimizing the negative log-
likelihood, which is the cross-entropy loss. For a single prediction,
the loss is the negative log-probability of the correct next token:

H(p,q9) = Ew~p [—log go(w|context)] (19-3)

An Information-Theoretic Viewpoint Let p(w|context) be the true dis-
tribution of the next word and g4 (w|context) be our model’s approx-
imation. The loss we minimize, — log g (w3°?!), is a single-sample

estimate of the cross-entropy H(p, qg):

w|context
Dt () = By [tog L)

| = Hlpw) = H() - (19

Cross-entropy relates to the Kullback-Leibler (KL) divergence, which
measures the inefficiency of gy in representing p:

p(w|context)

o (w[context) ] — H(p,q0) — H(p), (19.5)

Dir(pllge) = Ew ~ p [log

where H(p) is the entropy of the true distribution—the irreducible
unpredictability of language. This gives a fundamental relationship
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for the expected loss:
Expected Cross-Entropy Loss = Entropy + KL Divergence. (19.6)

Since entropy is a fixed property of language, minimizing the cross-
entropy loss is equivalent to minimizing the KL divergence between
the model and the true data-generating distribution.

Goal of Language Modeling: Minimize the KL divergence from the true
data-generating distribution to the model’s distribution.

19.1.2 A Conceptual Bridge to the Transformer: Parallel Processing with
Queries, Keys, and Values

The transformer architecture was designed to overcome the limi-
tations of the RNN architecture. In theory, RNN allows the model

to capture dependencies of any length. In practice, training must
contend with the dreaded vanishing gradient problem (Chapter 13).
Since the RNN is used to generate token-wise output, the gradient
calculation needs to be done over extremely long paths when training
even on short paragraphs.
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The Transformer architecture®overcomes this by processing all to- 2 A. Vaswani et al. Attention is all you

kens in parallel. Furthermore, to avoid blowing up the total number need. 2017.

of parameters (which would in turn blow up all other costs, includ-
ing amount of training data needed), a single computational unit,
called a Transformer block, is applied to every token’s representation
simultaneously. This is yet another example of weight-sharing, and
should remind you of the convolutional net (Chapter 12).

In effect this creates a parallel processing highway for each token
as it passes through the layers. For this parallel processing to be
meaningful, the model needs a dynamic way for tokens to exchange
information as they pass through the layers. How can the token ‘it in
the sentence “The bottle is empty, so you can throw it away” figure
out that it should focus on ‘bottle” and not ‘empty’?

The Transformer solves this with a mechanism inspired by infor-
mation retrieval. At each layer, every token’s vector representation is
used to derive three distinct vectors that play different roles in this
information exchange:

* Query (q): Represents what information a token is looking for.
The query from ‘it might effectively ask, “what noun am I refer-
ring to?”

* Key (k): Represents what kind of information a token offers or
advertises. The key from ‘bottle’ might signal, “I am a singular,
physical object that can be acted upon.”
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® Value (v): Represents the actual content or meaning of the token.
If the key from ‘bottle” is a good match for the query from ‘it’, then
the value from ‘bottle” is the information that gets passed along.

The model can then dynamically compute a relevance score for each
token by matching every Query with every Key. A high score indi-
cates that a key’s corresponding Value is important for the querying
token. This allows the model to build a new, context-aware represen-
tation for each token by aggregating the relevant information from all
other tokens in the sequence.

This query-key-value mechanism, known as self-attention, is the
core of the Transformer. But before we can detail its mathematical
formulation, we must first understand how raw text is converted into
the initial vector representations that serve as its input.

19.2 Representing Language: From Text to Tensors

Neural networks require numerical tensors. Converting text to ten-
sors involves three steps: tokenization, embedding, and positional
encoding.

19.2.1 Step 1: Tokenization

Tokenization segments text into discrete units called tokens. Us-
ing words as tokens is impractical due to the unbounded size of
language (proper nouns, slang, misspellings), which leads to the
out-of-vocabulary (OOV) problem.

Modern models use subword tokenization. This method breaks
rare words into smaller, meaningful units (e.g., "decentralization" ->
de, central, iz, ation) while keeping common words whole. This ap-
proach eliminates the OOV problem, keeps the vocabulary size man-
ageable (typically 30k-100k), and improves statistical efficiency by
sharing subword representations. Algorithms like Byte-Pair Encoding
(BPE) build the vocabulary by starting with individual characters
and iteratively merging the most frequent adjacent token pairs. The
output is a sequence of integers, each the unique ID of a token.

19.2.2 Step 2: Embeddings

The integer token IDs are mapped to dense vectors. An embedding
layer, which is a learnable lookup table E € RY*?, performs this
mapping. Here, V is the vocabulary size and d is the model’s hidden
dimension. The embedding for the token with ID id; is the corre-
sponding row vector from this matrix:

x; = El[idy]. (19.7)
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The embedding matrix E is learned during training, organizing the
vector space so that semantically similar tokens are close to one an-
other.

19.2.3 Step 3: Positional Encoding

As mentioned, a transformer processes all tokens in parallel and has
no inherent sense of sequence order. Without positional information,
it would treat "the man bit the dog" and "the dog bit the man" as
identical.

To solve this, we inject the position of each token into its vector.
The original Transformer adds a fixed positional encoding vector,
Ppos € RY, to each token embedding. The strategy is to treat the d-
dimensional space as d/2 pairs of dimensions. Each pair, indexed by
i, encodes the position using a sine and cosine function of a different
frequency.

Specifically, the even-indexed dimension of the pair (2i) gets the
sine component, and the odd-indexed dimension (2i 4 1) gets the
cosine component:

(Ppos)2i = sin(pos/10000%/%) (19.8)
(Ppos)2i+1 := cos(pos/lOOOOZl/d) (19.9)

where pos is the position, and i € {0,...,d/2 — 1} indexes these pairs
of dimensions. This function provides a unique encoding for each
position because each pair of dimensions corresponds to a 2D vector
that rotates at a unique speed as the position pos increases. Because
Ppos+k can be represented as a linear function of pp.s, the model can
easily learn relative positioning.

The final input vector for each token is the sum of its embedding
and positional encoding;:

/
Xpos = Xpos + Ppos- (19.10)

This produces a sequence of vectors where each vector encodes both
a token’s meaning and its position, specifically, superposing two
distinct signals: the token’s semantic meaning, captured by Xpos,
and its absolute location, captured by the geometric signal of ppos.
The model’s subsequent layers must then learn to utilize both pieces
of information from this combined vector. Positional encodings are
further explained in Section 19.4.

Problem 19.2.1. In the above encoding method, what is the context length
(in number of tokens) where two positions in the model’s input will have the
same positional encoding (and hence subject to confusion)?

251
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19.3 The Transformer Architecture

19.3.1  The Core Innovation: Self-Attention

RNNSs process tokens sequentially, creating a computational bottle-
neck and suffering from vanishing gradients over long distances.
Self-attention solves this by allowing every token to directly interact
with every other token in its context in parallel.

Mathematical Formulation: Scaled Dot-Product Attention The mecha-
nism operates on three vectors derived from each input token rep-

resentation x; € R%: Query (q;), Key (k;), and Value (v;).3 These 3 The query-key-value terminology is
from databases, which is the analogy

are produced by learned linear projections with weight matrices
P y PToj & that the designers were working with.

Wo, Wk € R¥% and Wy € R,

q; = x;Wg
k; = x;Wk
vV, = xiWV

Intuition: The query q; represents the current token’s request for
information. It is matched against all available keys k; (where j < i)
to compute attention scores. These scores determine how much each
value vector v; contributes to the output for token i.

The output for token i, z;, is a weighted sum of the value vectors:

i
zi =) ;v (19.11)
=1

The weights «;; are computed via a scaled dot-product followed by
a softmax function. For autoregressive decoding, we only attend to
previous tokens (j < i), a constraint known as causal masking.

a;j = softmax (qi/di:]> forj <i (19.12)

Matrix Form: For a sequence of length L, the inputs (xy,...,xy) are

stacked into a matrix X € RE*?. The operation can be expressed

concisely:
Q=XWg, K=XWg, V=XWy (19.13)
Attention(Q, K, V) = softmax (QKT + M) 74 (19.14)
o Vi ’

Here, M is a mask matrix where M;; = 0 for j < i (allowing
attention) and M;; = —oo for j > i (prohibiting attention), thereby
enforcing causality. The scaling factor /dy prevents the dot products
from growing too large, which would push the softmax into regions
with vanishing gradients.
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19.3.2  The Transformer Block

A Transformer is a stack of identical blocks. A single decoder block
has three main components:

Input from
previous
layer

|
RSl Mask:d Multi-

Connection
0 Attention

LayerNorm

Residual Feed-Forward
Connection Network

LayerNorm

Output to
next layer

1. Masked Multi-Head Self-Attention: Instead of a single attention
function, the mechanism is run multiple times in parallel with
different, learned projection matrices. These "heads" allow the
model to attend to different types of information and relationships
simultaneously. If there are h heads, the dimensions are typically
set to dy = dy = d/h. The outputs of the heads are concatenated
and projected back to d with a final weight matrix Wp.

2. Feed-Forward Network (FFN): This is a two-layer multilayer per-
ceptron (MLP), applied independently to each token’s representa-
tion. It consists of a linear transformation to a higher dimension
(often 4 x d), a ReLU or GeLU activation, and a linear transforma-
tion back to d. This component processes the information gathered
by the attention layer.

3. Residual Connections & Layer Normalization: To enable sta-
ble training of deep networks, each of the two sub-layers (atten-
tion and FFN) is wrapped with a residual connection and fol-
lowed by Layer Normalization. The output of each sub-layer is
LayerNorm(x + Sublayer(x)). This ensures an unimpeded gradient
flow and stabilizes layer inputs as discussed in Chapter 13.

The Data Pathway Through the Block The flow of information through
a single Transformer block proceeds in two main steps. First, the
input vectors for each token pass through the Masked Multi-Head
Self-Attention layer. The output of this layer—a new, context-aware

Figure 19.1: Attention Block
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vector for each token—is then added to the original input via a resid-
ual connection. This sum is then normalized using Layer Normal-
ization. This entire result then serves as the input to the second
step: the Feed-Forward Network (FFN). The FFN processes each
token’s representation independently, providing further non-linear
transformation and allowing the model to “digest” the information
gathered by the attention mechanism. The output of the FEN is, in
turn, passed through its own residual connection and a final Layer
Normalization. This final output vector for each token is the result
of the entire Transformer block, which is then passed as input to the
next identical block in the stack.

19.4 Deeper Dive: Why Positional Encodings

Students are often confused about positional encodings and the par-
ticular choices above. Now we explain this.

(a) The Problem: Self-Attention is a Set Operation

The self-attention mechanism, at its core, is a set of parallel matrix
multiplications that is fundamentally insensitive to order. If we only
feed it a sequence of token embeddings (x1, xy, ..., xr ), the model
treats them not as a sequence, but as an unordered set.

Consider the sentences:

1. “The man bit the dog.”
2. “The dog bit the man.”

Without positional information, the initial input is the set of em-
beddings {X¢he, Xman, Xbits xdog}. The Query, Key, and Value vectors
for each token (e.g., man, kman, Vman) depend only on the token’s
embedding, not its location.

Let the input matrices for Sentence 1 be Q1, K1, V1. For Sentence
2, the words are just permuted. This means the input matrices are
simply row-permutations of the first set: Q, = PQ;, K = PKj, and
Vo = PVj, where P is the permutation matrix that swaps the rows for
“man” and “dog.”

The attention output is Z = softmax(QK” /\/dy)V. Let’s see what
happens in Sentence 2:

Z5 = softmax ((I)Ql)\/(;]fl)T) (PVy)

PQKTPT
= softmax Qlil PV;
Vi
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Because the softmax is applied element-wise, applying a permutation
before and after is the same as permuting the final result. So, the
attention score matrix for Sentence 2 is just Ay = PA;PT. The final
output is:

Zy = (PA1PT)(PV;) = PA{(PTP)V; = PA|V; = PZ;

This proves that the output representations Z, are just a permutation
of Z;. The final vector for “man” in Sentence 2 is identical to the final
vector for “man” in Sentence 1. The model is completely blind to the
critical change in meaning, which is unacceptable.

(b) The Naive Solution: Using an Integer Index

The most straightforward idea is to add the integer position ¢ in
1,2,3,... as an extra feature to each token’s vector. This fails for two
key reasons, one theoretical and one practical:

1. Poor Generalization: A neural network learns patterns from its
training data. If we feed it raw position integers, a weight that
learns a useful pattern for position ‘5" has no reason to work for
position ‘50" or ‘500’. The model cannot generalize to sequence
lengths it hasn’t seen. It would have to learn the “meaning” of
each position number independently.

2. Practical Infeasibility: This generalization issue has a critical
practical consequence. In real-world applications, models must
handle a flexible and variable context length. It is computationally
prohibitive and practically impossible to run a new, expensive
training run for every possible context length. We need a system
that can gracefully handle sequence lengths longer than those seen
during training. An integer index provides no mechanism for this
kind of extrapolation.

3. No Inherent Relational Information: The integers ‘5" and ‘6
are numerically close, but a linear layer doesn’t automatically
understand this as “adjacent positions.” To the network, they are
just different values. There is no smooth, geometric relationship
between the numbers t and t + k that a matrix multiplication can
easily exploit.

(c) The Elegant Solution: Encoding Position in Geometry

We need an encoding scheme where the relationship between the
encodings of position pos and pos + k is not arbitrary, but is in-
stead captured by a simple, consistent geometric transformation—
specifically, a linear transformation that a neural network can per-
form.

255
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The sinusoidal encoding achieves exactly this. For any fixed offset
k, the positional encoding of pos + k is a linear transformation of the
positional encoding of pos.

Let’s illustrate with a simplified 2D example. Imagine our posi-
tional encoding for position pos was just a single 2D vector deter-
mined by one frequency w:

sin(w - pos)]

cos(w - pos)

Ppos = [

This vector lies on the unit circle. As pos increases, the vector simply
rotates. Now, let’s look at the encoding for position pos + k:

sin(w(pos + k))
cos(w(pos +k))

Ppos+k = [

Using the trigonometric angle addition identities, we can expand this:

sin(w - pos + wk) = sin(w - pos) cos(wk) + cos(w - pos) sin(wk)

cos(w - pos + wk) = cos(w - pos) cos(wk) — sin(w - pos) sin(wk)
This looks complicated, but it is just a matrix-vector multiplication:

cos(wk) sin(wk)} lsin(w-pos)

:M .
sin(wk) cos(wk) 1 k* Ppos

Ppostk = l cos(w - pos)

This is the crucial insight. The matrix M is a simple 2D rotation
matrix. Critically, it depends only on the offset k, not the original
position pos.

This means that the process of attending to a token k positions
away now corresponds to a consistent, learnable, linear operation.
The network doesn’t have to memorize the pattern for every pair of
absolute positions; it just has to learn the specific rotation matrix My
that represents a relative shift of k. A fully-connected net, which is
part of a transformer block (see Figure 19.1) is perfectly equipped for
this "learning a matrix" task.

The full d-dimensional positional encoding in the Transformer
simply does this in parallel across many different frequencies w, cre-
ating a high-dimensional “fingerprint” that encodes relative positions
in a way that is perfectly suited for the linear algebra of the attention
layer.

19.4.1  Extrapolation to Long Context: RoPE embeddings

While the sinusoidal encoding elegantly solves the problem of rep-
resenting relative positions, it has limitations, especially as models
are scaled to handle ever-longer context lengths (e.g., millions of to-
kens). One is the issue of paucity of training data: even a thick textbook
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or novel has well under a million tokens! Thus it is hard to train a
model that learns to make effective use of a million tokens provided
in the context*. Although the sinusoidal functions are periodic the
model only learned to interpret the specific patterns of rotations

for positions seen during training, but it may not have learned to
correctly interpret the patterns for positions far outside this range,
leading to a degradation in performance on very long documents.
LLM designers look for methods that allow the model to extrapolate
to very long context length with little or no training.

A Solution: Rotary Positional Embedding (RoPE) To address these is-
sues, newer architectures often use Rotary Positional Embedding
(RoPE)>. Instead of adding a positional vector to the token embed-
ding, RoPE modifies the Query (q) and Key (k) vectors directly
within the attention mechanism.

Let’s unpack the core idea. RoPE groups the dimensions of the
q and k vectors into pairs, the same way as in Section 19.2.3. For a
given vector x (which can be either a query or a key) at position pos,
the pair of dimensions (xy;, x;11) for each i is rotated by an angle
that depends on its position. This is equivalent to applying a 2D

x5 _ cos(0;) —sin(0;)| | xoi
Xpi 1 sin(6;)  cos(6;) | |x2i+1

rotation matrix:

The rotation angle, 6;, is a function of the position: §; = pos/10000%/%.
This is the same frequency-based term used in the original sinusoidal

encodings, but instead of being used to generate an additive signal,

it is used here to rotate the contents of each index pair in the existing

semantic vector. This is applied to every pair of dimensions in the
query and key vectors.
This rotation has two major advantages:

1. Natural Relative Positioning: The dot product between a rotated
query qpos, and a rotated key kpos, can be shown to depend only
on their content and their relative position, pos; — pos,. This
property is baked directly into the attention score calculation,
making it more robust. In other words, this choice of encoding

makes the Wg and Wk matrices learn to produce semantic vectors

that are optimized to work within a rotational framework. The
fixed, position-based rotation is then applied, and the standard

dot-product attention mechanism naturally interprets the resulting

vectors in a way that is sensitive to relative position.

2. Improved Extrapolation: Because RoPE is explicitly relative, it

4 Very long context lengths can happen
for a deployed model being used in
agentic ways to collect and sort through
large amounts of data.

5 Roformer: Enhance Transformer with
Rotary Position Embedding. Su et al.
2023.
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generalizes much better to sequence lengths not seen during train-
ing, making it a key technology for long-context models.

To understand why this extrapolation works so well, consider a
model trained on sequences up to length 4096. With absolute po-
sitional embeddings, the position ‘5000’ is a completely new, out-
of-distribution signal that the model has never encountered. The
model has no learned representation for this specific location. RoPE
elegantly sidesteps this issue. When calculating attention between,
for example, token ‘5000” and token ‘5010°, the model only needs
to know their relative distance, which is ‘10”. The model has seen a
relative distance of ‘10’ thousands of times during training (between
positions 1 and 11, 100 and 110, 4000 and 4010, etc.). Because the
attention score is a function of this familiar relative distance, the cal-
culation remains "in-distribution.” The model is not learning about
absolute positions, but rather a general, reusable rule for how to-
kens separated by a distance k should interact, which is a far more
powerful and generalizable capability.

Due to its superior performance, RoPE has become the standard in

many state-of-the-art LLMs. Another popular embedding is ALiBi°. 8 Train Short, Test Long: Attention with
Linear Biases Enables Input Length Extrap-
olation. Press et al 2021.

19.5 The Science of Scale: Predictable Improvement and the Chin-
chilla Law

The remarkable capabilities of modern Large Language Models did
not arise from a single architectural breakthrough, but rather from
the discovery that their performance improves in a predictable way
with scale. This understanding, known as scaling laws, transformed
LLM development from an art into a science of resource allocation.
The core question these laws address is: given a fixed budget of
computational resources, how should we best allocate it to achieve
the lowest possible prediction error?

The scaling paradigm rests on three pillars:

® Model Size (N): The number of trainable parameters in the neural
network.

e Dataset Size (D): The number of tokens the model is trained on.

¢ Compute (C): The total number of floating-point operations
(FLOPs) used for training. For a given model and dataset, this
is the primary constraint.

For Transformer models, the training compute is dominated by the
forward and backward passes. Since a gradient is computed for each
parameter for each datapoint, a rule of thumb approximation relates
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these three variables:
Cx6xNxD (19.15)

This formula highlights the fundamental trade-off: for a fixed com-
pute budget C, making the model larger (increasing N) requires
training on fewer tokens (decreasing D), and vice versa. The goal is
to find the optimal balance.

19.5.1  Early Insights and the Chinchilla Correction

The foundational work by Kaplan et al. (2020) first demonstrated that
an LLM’s test loss decreases as a smooth and predictable power law
as N, D, and C are increased. This was a landmark result, suggesting
that simply scaling up existing architectures on more data would
reliably yield better models. However, their work suggested that
model size (N) was the most important factor, leading to a race to
build ever-larger models, such as the 175-billion parameter GPT-3.

In 2022, researchers revisited this question in the paper "Training
Compute-Optimal Large Language Models," colloquially known as
the Chinchilla paper. They hypothesized that previous models might
be "undertrained"—that is, they were too large for the amount of data
they were trained on. To test this, they meticulously trained over 400
models, systematically varying N and D while keeping the compute
budget C fixed for different model families.

This methodology allowed them to map out the relationship be-
tween loss and the N /D ratio. They found that for any fixed com-
pute budget, the loss follows a U-shaped curve. Models that are too
small for the data budget cannot learn effectively, while models that
are too large for the data budget begin to overfit and do not have
enough data to realize their full potential. The minimum of this curve
represents the compute-optimal model for that budget.

19.5.2  The Chinchilla Scaling Law: Key Findings

The most impactful finding from the Chinchilla paper was a simple
and powerful rule of thumb: for compute-optimal training, the model
size and dataset size should be scaled in roughly equal proportion.
Specifically, they found that the optimal number of training tokens is
approximately 20 times the number of model parameters.

Doptimal ~20x N (19‘16)

This was a radical departure from the previous paradigm. It implied
that models like GPT-3 (175B parameters, 300B tokens) and Gopher
(280B parameters, 300B tokens) were massively undertrained. Ac-
cording to the Chinchilla law, a 175B parameter model should have
been trained on nearly 3.5 trillion tokens.

259
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Figure 19.2: IsoFLOP curve
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The paper’s central demonstration was the Chinchilla model itself:
a yo-billion parameter model trained on 1.4 trillion tokens. Despite
being less than half the size of Gopher, Chinchilla outperformed it
on a wide range of downstream tasks, using the same total compute
budget. This proved that a smaller model trained on more data was a
more efficient allocation of resources.

The Chinchilla authors proposed a refined functional form for the
scaling law:

A B

L(N/D) :Emin'i_ﬁ'i'ﬁ

(19.17)

Here, Epin represents the irreducible entropy of language, while

the other two terms represent the error contributions from finite
model size and finite data, respectively. By fitting this equation to
their experimental data, they found new exponents & and f that gave
much greater weight to the dataset size D than previous estimates
had. The specific expression they derived —which holds for their
architecture, training method and dataset—is as follows:

Emin = 1.61 A =4064 B =410.7. (19.18)

Subsequent re-examination of their raw data has shown that the
two exponents are actually close, and around 0.33.



INTRODUCTION TO TRANSFORMER ARCHITECTURE AND LARGE LANGUAGE MODELS

19.5.3 The New Frontier: Beyond Monolithic Pre-training

The Chinchilla law defined the paradigm for several years, but the
frontier of scaling is once again evolving, driven by new practical
constraints and goals.

The Inference vs. Training Trade-off The Chinchilla law is "compute-
optimal" for training. However, in practice, models are trained once
but used for inference millions of times. A smaller model is faster
and cheaper to run. This has led to the strategy of deliberately "over-
training" a smaller model. For instance, the Llama 2 7B model was
trained on 2 trillion tokens, far exceeding the Chinchilla-optimal 140
billion tokens. While this is inefficient from a training-compute per-
spective, the resulting model is highly capable for its size, making it
far more economical to deploy.

The Data Constraint and Quality Imperative The Chinchilla recipe
requires trillions of tokens for state-of-the-art models, pushing the
limits of available high-quality text data on the internet. This has led
to two major shifts:

1. Data Repetition: Research has shown that training on repeated
data is a viable strategy, but with diminishing returns. Training
on the same data for up to 4 epochs yields negligible performance
loss compared to unique data, but beyond that, the value of addi-
tional compute decays rapidly. This creates a "data-constrained"
scaling regime.

2. Shift from Quantity to Quality: The most significant recent trend
is the move away from simply scraping more data to meticulously
curating and filtering it. The composition of the pre-training
dataset is now seen as a critical factor. Instead of a monolithic
dataset scraped from the web, leading models are trained on a
carefully crafted mix of text, code, and dialogue. Furthermore,
to enhance specific skills like complex reasoning, developers are
increasingly using high-quality synthetic data—data generated
by other powerful Al models—as part of the pre-training mix.
This focus on data quality, not just scale, marks the new frontier in
building powerful foundation models.

19.6 Mixture-of-Experts (MoE) Architecture

As the size of dense Transformer models grew, they faced a funda-
mental bottleneck: every part of the model was activated for every
single token processed. This meant that doubling the model size
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roughly doubled the computational cost of inference. The Mixture-

of-Experts (MoE) architecture” was introduced as a way to break 7 Mixture models have a long history
in ML but the version with multilayer

. . . . . deep nets is from: Learning Factored
(parameter count) without a proportional increase in computational Representations in a Deep Mixture of

cost. Experts, Eigen, Ranzato, Sutskever, 2014

this paradigm, allowing for a dramatic increase in model capacity

The core idea is to replace the dense, monolithic components of a
neural network with a collection of smaller "expert" networks and a
"router” that dynamically chooses which experts to use for each input
token.

Figure 19.3: Conceptual Ren-
dering of MoE Architec-

ture (Illustration taken from
maartengrootendorst.com.)
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19.6.1  Architecture of an MoE Layer

In a Transformer, the MoE layer typically replaces the feed-forward
network (FFN) sub-block. It consists of two main components:

1. A Set of Experts (Ey, ..., E,): Each expert is itself a standard FEN.
There might be 8, 16, or even more experts within a single MoE
layer.

2. A Gating Network (or Router): This is a small, trainable neural
network that takes a token’s representation as input and outputs a
probability distribution over all the available experts. Its job is to
learn which experts are best suited to process that specific token.

The process for a single token x is as follows:
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1. The token representation x is fed into the gating network G.

2. The gating network outputs a vector of logits, which are converted
to probabilities (e.g., via softmax) representing the "vote" for each
expert: G(x) = softmax(Wgx).

3. Instead of using all experts, the system employs sparse routing.
Only the top-k experts (typically k = 2) are chosen to process the
token.

4. The final output y for the token is the weighted sum of the out-
puts from the chosen top-k experts. The weights are the probabili-
ties assigned by the gating network.

Figure 19.4: The router pro-

Mok Layer duces a weighting of the ex-
Router perts. If a single expert has
to be activate at this layer, it
will be FFNNT1 since it gets
........... the highest weight. If two ex-
e } forsach expert perts have to be active it will
selected

expert

be FFNN1 and FFNN2. The
Not activated

outputs of each active expert
al is multiplied by the expert’s

= ASecmenns ,? weighted weighting and the sum of these

scaled outputs is passed to the
next layer.

y= )Y, GXi-E(x) (19.19)
i€ TopK(G(x))

This sparsity is the key. Even if a model has 8 experts, by only using
2 for each token, the computational cost (FLOPs) is similar to that of

a much smaller dense model, while still benefiting from the capacity
and specialized knowledge of all 8 experts.

19.6.2  Benefits and Challenges

MoE models offer a compelling path to scaling beyond what is prac-
tical with dense architectures, but they come with their own set of
trade-offs.



264 THEORY OF DEEP LEARNING

Benefits

e Massive Model Capacity: MoE allows for models with stagger-
ing parameter counts (hundreds of billions or even trillions) that
would be infeasible to train or run as dense models.

e Compute-Efficient Inference: The number of active parameters for
any given forward pass is much smaller than the total. For exam-
ple, a 100B parameter MoE model with a top-2 routing might only
use around 25B active parameters per token, offering inference
speeds comparable to a 25B dense model.

¢ Expert Specialization: In theory, the experts can learn to specialize
in different domains of knowledge, such as programming syntax,
historical facts, or conversational language, making the model
more effective.

Challenges

* High Memory Requirements: While inference FLOPs are low, the
entire model—all experts included—must be loaded into VRAM.
This makes deploying large MoE models very demanding on
hardware.

* Training Instability and Load Balancing: A major challenge is
ensuring that all experts are used effectively. The gating network
might develop a preference for a few "popular” experts, leaving
others under-trained. To counteract this, an auxiliary load balanc-
ing loss is added during training. This loss penalizes the model if
the distribution of tokens to experts is too uneven, encouraging the
router to spread the load.

¢ Communication Overhead: In a distributed training setup, to-
kens and their activations need to be shuffled between different
GPUs/TPUs to reach their assigned experts, which can introduce
communication bottlenecks.

In summary, MoE represents a crucial evolution in model architec-
ture, trading the simplicity of dense models for a more complex but
far more scalable and compute-efficient alternative.

19.7 How to generate text from an LM

The title of this section may feel ridiculous, since the very definition
of LM’s in (19.1) involves ability to predict the next word given the
preceding words. This suggests an obvious way to generate good text
from a trained LLM: use the model distribution for the first word to
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sample a particular wy, then sample from the distribution Pr[w;|w;]
to generate the second word, and carry on like that. The procedure
just described is called random generation or simply sampling and it
actually does not produce good text®.

Example 19.7.1. Reason from first principles why random generation
might be problematic. (Hint: it works better and better as you scale up the
model.)

The next natural idea is greedy: Having generated wiw, ... w;,
generate w; 1 using the word that has the highest probability in the
next position. At first sight this seems appealing since the training
objective for LMs implicitly trains them to maximise the probability
they assign to the training text given to them. So when generating
text, why not try to generate pieces of text that are given the highest
possible probability by the model? 9 The reason is that, as explained
above, the true goal of language modeling is to minimize KL distance
to the human distribution.

Greedy text looks flat and unexciting. For instance the greedy
continuations of Thanks for the dessert, it was . .. is probably great, but
there could be a variety of more interesting ones with lower prob-
ability, such as exquisite, life-changing etc. Human communication
often veers into low-probability words. Indeed, the perplexity of text
produced by the greedy method is far from that of human-generated
text! A good discussion of this issue appears in '°, from where Fig-
ure 19.5 was taken.

Method Perplexity
Human 12.38
Greedy 1.50
Beam, b=16 1.48
Stochastic Beam, b=16 19.20
Pure Sampling 22.73
Sampling, t=0.9 10.25
Top-k=40 6.88
Top-k=640 13.82
Top-k=40, t=0.7 3.48
Nucleus p=0.95 13.13

The best methods actually reshape the distribution via some greedy-
ish selections.

¢ Top-k: Identify the top k choices for first word, and restrict your-
self to pick the first word among them (i.e., disallow picking any
other word in this position). If their combined probability is py
you do this by rescaling the probabilities of these k words by 1/ p;
and zero-ing probabilities of all other words, and then pick from

8 The quality of sampling gets better as
models scale up.

9 Actually greedy doesn’t quite max-
imise the probability but is an attempt
in that direction.

° A Holtzman, ] Buys, L Du, M Forbes,
and Y Choi. The curious case of neural
text degeneration. ICLR, 2020

Figure 19.5: Perplexity of text
from various generation meth-
ods. Random and Greedy are
pretty bad. Nucleus Sampling
withp = 0.95 gets closest to
human. (We did not describe
beam search, so please ignore
those rows.)
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this distribution. Having picked the first word, continue similarly
to pick the rest. You set k by trial and error to best match perplex-
ity to human text.

* Nucleus sampling (aka “top p”): This is a softer variant of the
above. Instead of making a hard decision about the number of
possible choices for the first word (i.e., k), decide that you will
allow k to vary but then impose hard constraint that the total
probability of all the choices you will allow in the first position is
p. Continue similarly for rest of the word positions, with the same
“probability budget.” You set p by trial and error to best match
perplexity to human text.

Chapter Problems

Problem 19.7.2 (The Self-Attention Mechanism). The core of the Trans-
former architecture is the scaled dot-product attention mechanism. Given
a set of input token embeddings, we project them into Query (Q), Key (K),
and Value (V) vectors. The output is a weighted sum of the Value vectors,
where the weights are determined by the similarity between Query and Key
vectors.

Consider a simplified self-attention head operating on 3 input tokens with
an embedding dimension of 2. The Query, Key, and Value matrices are given

1 0 01
Q: 0 ]. ’ K: 1 1 , V:
11 10

= W N
=~ W N

The attention output is calculated as: Attention(Q, K, V') = softmax ( (\Q/Kdl) V.
k

Assume the dimension of the key vectors, dy, is 2.

(i) Compute the raw attention scores by calculating the matrix product
QKT.
(ii) Apply the scaling factor ﬁ. Explain conceptually why this scaling is
k

crucial for stable training in deep Transformers.

(iii) Apply the softmax function to the scaled scores row-wise to get the
final attention weights.

(iv) Compute the final output of the attention head by multiplying the
attention weights by the Value matrix V.

(v) Looking at your results, explain which input token’s “Value” con-
tributed the most to the output for the third token (represented by the
third row of Q).
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Problem 19.7.3 (Sinusoidal Positional Encodings). Unlike RNNs, the
Transformer architecture is permutation-invariant and has no inherent sense
of token order. To remedy this, positional encodings are added to the input
embeddings. The standard sinusoidal encoding functions are:

PE (s 2i) = sin(pos/ 100002/ dmoder)
PE (s pit1) = cos(pos/ 100002/ dmoder)

Where “pos” is the token’s position, ‘i’ is the dimension index, and d;;og,; is
the model’s embedding dimension.

(i) Consider a model with d,,.z, = 4. Calculate the 4-dimensional posi-
tional encoding vectors for position ‘pos=0" and ‘pos=2".

(ii) A key property of these encodings is that for any fixed offset 'k’, the
encoding PE o5 can be represented as a linear transformation of PEpos.
Using the trigonometric identities for sin(A + B) and cos(A + B), show
how the vector for position ‘pos+1" can be computed from the vector for
position ‘pos’ via a rotation matrix. Explain why this property is useful
for the model.

Problem 19.7.4 (Mixture of Experts (MoE) Routing). In a Mixture of
Experts (MoE) layer, the standard feed-forward network (FFN) is replaced
by a set of ‘N” parallel "expert” FFNs. A "gating network” determines
which expert(s) each token is routed to.

Consider an MoE layer with 4 experts and a “top-k’ gating mechanism
where ‘k=2" (each token is routed to the top 2 experts). For an input batch of
3 tokens, the gating network outputs the following logits:

Token | Expert1 Expert2 Expert3 Experty
Token 1 3.1 1.2 -0.5 4.5
Token 2 2.5 2.8 3.2 1.0
Token 3 5.0 2.1 4.9 0.3

The final output for a token is a weighted sum of the outputs from its
selected experts, where the weights are the softmax values of the gating logits
for those selected experts.

(i) For each token, identify which two experts it will be routed to.

(ii) For Token 3, calculate the weights that will be applied to the outputs of
its two selected experts.

(iii) MOoE models can have vastly more parameters than dense models but be
computationally cheaper at inference time. Explain this paradox.

Problem 19.7.5 (KL Divergence for Knowledge Distillation). Knowl-
edge distillation is a technique to train a smaller "student” model to mimic
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a larger “teacher” model. One way to do this is to train the student on the
teacher’s full output probability distribution (soft labels) instead of just the
single correct token (hard label). The loss function for this is the KL diver-
gence between the two models’ distributions.

Suppose for a given prompt, the teacher model provides the following
probability distribution over four possible next tokens:

Pyeacher = [0.70,0.15,0.10, 0.05]

The smaller student model, for the same prompt, produces the following
logits:
Lstudent = [1.5,0.5,0.2, —0.2]

The KL divergence is given by Dk (P || Q) = Y; P(i) log (%)

(i) First, convert the student’s logits Lgyg0n into a probability distribution
Pyyydent using the softmax function.

(ii) Calculate the KL divergence Dxr (Preacher || Pstudent )-

(iii) Conceptually, what valuable information does the teacher’s distribution
[0.70,0.15,0.10, 0.05] provide that would be lost if we only used the
"hard” label [1,0,0,0]? How does this help the student learn better?

Problem 19.7.6 (Computational Cost of Self-Attention). The chapter
notes that the Transformer processes tokens in parallel, overcoming the
sequential bottleneck of RNNs. However, this comes at a computational cost.

(i) Consider the matrix multiplication QKT in the self-attention formula for
a sequence of length L and a model dimension of d. What is the compu-
tational complexity (in terms of Big-O notation) of this single operation
with respect to the sequence length L?

(ii) This quadratic scaling in sequence length is a primary reason why
the context window of early Transformers was limited. How does this
compare to the computational complexity per step of a simple Recurrent
Neural Network (RNN)? Explain why Transformers are still generally
faster to train despite this.

Problem 19.7.7 (Applying the Chinchilla Scaling Laws). The Chinchilla
paper established a rule of thumb for compute-optimal training: the number
of training tokens should be approximately 20 times the number of model
parameters (D =~ 20 x N). The overall training compute is approximated by
C~6xNxD.

(i) Suppose you have a fixed compute budget of C = 7.2 x 102> FLOPs.
Using the two formulas above, calculate the compute-optimal model size
(N) and dataset size (D).
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(ii) The chapter mentions that the Llama 2 7B model was trained on 2
trillion tokens. Is this training run "compute-optimal” according to the
Chinchilla rule? If not, is it "overtrained” or "undertrained”? Provide
a brief strategic reason why a company might deliberately choose this
non-optimal recipe when deploying a model at scale.

Problem 19.7.8 (Decoding Strategies in Text Generation). The method
used to generate text from a language model significantly impacts its qual-
ity. Consider a model that has just generated the phrase “The movie was
surprisingly...” and must now choose the next word. It produces the follow-
ing probability distribution over its top 10 vocabulary items (all other words
have negligible probability):

Word Probability
good 0.45
bad 0.20
funny 0.15
dull 0.08
entertaining 0.05
short 0.03
long 0.02
great 0.01
awful 0.005
okay 0.005

(i) What word will be chosen next if using a **greedy decoding** strateqy?

(ii) List the set of possible words that could be chosen if using **top-k sam-
pling** with k = 3.

(iii) List the set of possible words that could be chosen if using **nucleus
sampling (top-p)** with p = 0.85. Explain your reasoning.
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